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ABSTRACT 

Some results relating closed maps to compact sets, which are already known 
for metrizable spaces, are here proved in a more general setting. Examples 

are given to indicate barriers to further improvements. 

1. Introduction. The purpose of this note is to prove the following results. 

THEOREM 1.1. Let X be paracompact, Y locally compact or first-countable, 
and f : X ~  Y continuous and closed. Then 8 f - l (y )  (the boundary of f - l ( y ) )  
is compact for every y e Y. (i) 

COROLLARY 1.2. Let X be paracompact and f : X--, Y continuous, closed 
and onto. Then every compact subset of Y is the image of some compact subset of X. 

For metrizable X, these results are known. In fact, in that case Theorem 1.1 was 
proved by Vainstein [9] for first countable Y, and hence follows for locally compact 
Y from a result of Arhangel'skii [1, Theorem 21] which implies that Y must then 
be metrizable. Corollary 1.2, for metrizable X, was announced by Arhangel'skii 
[2, Theorem 15]. 

For  paracompact X, our results seem to be new, and Corollary 1.2 will be 
applied in [6]. 

Theorem 1.1 (in somewhat sharpened form) and Corollary 1.2 are proved in 
section 2, while section 3 contains some counterexamples to various plausible 
conjectures. 

2. Proofs. We will obtain Theorem 1.1 as a consequence of  a somewhat 
stronger result (Theorem 2.1). Let us call a point y ~ Ya q-point if it has a sequence 
of  neighborhoods N~ such that, if y~ e N~ and the y~ are all distinct, then y~, Y2, "'" 
has an accumulation point in Y. Call Y a q-space if every y ~  Y is a q-point. 
Clearly first-countable spaces and locally countably compact spaces are q-spaces; 

more generally, all p-spaces in the sense ofA.  Arhangel'skii [1] and all M-spaces 
in the sense of K. Morita I7] are q-spaces. 

THEOREM 2.1. Let f : X ~ Y be continuous, closed, and onto, where X is T 1. 
I f  y ~ Y  is a q-point, then every continuous, real-valued function on X is boun- 
ded on d f -  (y). 
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(1) That some restriction must be made on Y is seen by taking X to be the reals, Y the 

quotient space obtained from X by identifying all integers, and f the quotient map. 
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Proof. Suppose h: X ~ R  is continuous, and unbounded on Of-l(y). Pick 
xl ,x2, . . . in  Of-l(y) such that 

] h(xn+ x ) ] >  [ h(x,,) ] -I- 1. 
Let 

Vi = {x  ~ X :  [ h(x)  - h(x,) [ < 1/2}. 

Then 11/is open, x ie Vi, and {Vi}i is discrete (i.e. every x e X  has a neighborhood 
intersectiong at most one Vi). 

Let us now pick a sequence z i ~ V~ r3f-1 (Ni) (where Ni is as in the definition 
of q-point) such that all the f(zi) are distinct. This is easilY done by induction: 
Let z I = x t .  Suppose suitable zl , . . . , z i_  1 have been found. Let 

Wi = [11/¢3f- X(N,°.)] - f -  1({f(z2), ... , f(zi_ 1) } ), 

and pick z i ~  _ f - l ( y ) ;  this is possible, since ~ is open and 
xi~ Win  Of-l(y). This zi clearly satisfies all requirements. 

Let Z = {zl ,z2, . . .  }. Since zi~ Vi, every subset of Z is closed, and hence so is 
every subset of f (Z) .  But f (z i )~  Ni and the f(zi) are all distinct, so that f (Z)  must 
have an accumulation point. This contradiction completes the proof. 

COROLLARY 2.2. I f  X is normal in Theorem 2.1, then 0f - l (y )  iscountably 
compact. 

Proof. Suppose not. Then Of-l(y) has a subset S = {xl,x2, " '} (all distinct) 
with no accumulation points in Of-~(y), and hence none in X because f - l ( y )  
is closed (since f is closed). Define g:S --* R by f (x , )  = n. Then g is continuous 
on the closed set S, and hence has a continuous extension h: X - ,  R. Since h 
is unbounded on Of-l(y), this contradicts Theorem 2.1. 

Proof of Theorem 1.1. As observed above, first-countable spaces and locally 
compact spaces are q-spaces, so that every Of-l(y) is countably compact by 
Corollary 2.2. But Of-l(y) is closed in X, and hence paracompact. Since para- 
compact, countably compact spaces are compact r3], it follows that every 
Of- 1 (y) is compact. 

Proof of Corollary 1.2. Without loss of generality, we may assume that g 
is itself compact, and we must find a compact C c X such that f (C)  = Y. For all 
y ¢  Y, pick p y e f - l ( y ) ,  and let 

Cy = ~f-1(y) if Of-l(y) ¢ tk 

C, = {p,} if Of-l(y) = ~p. 
Let 

c=U,,yc,, 
and let g = f ]  C. Then f (C)  = Y, and g is closed since C is closed in X. Also, for 
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each y e Y we have g-  l(y) = C ,  so each g-  l(y) is compact. Since Y is compact, 
this implies that C = g-Z(y)  is compact (see, for instance, [-5; Theorem 1]), 
and that completes the proof. 

There is an analogue of Corollary 1.1 for normal X, obtained by everywhere 
changing "compact" to "countably compact" ; the proof is based on Corollary 2.2. 
For arbitrary Tl-spaces X, the best I can do is to show (using Theorem 2.1) 
that every countably compact subset of Y is the image of a closed subset of X on 
which every continuous f :  X--+ R is bounded. There ought to be something 
better. 

3. EXA_MPLKS. The following examples indicate some limits to improving 
our results. 

EXAMPLE 3.1. X is normal, Y is compact metric, and f :  X ~ Y is continuous 
and closed, but some df- l(yo) is not compact. 

Let Y be the set of ordinals < to, and let Z be the set of all countable ordinals, 
both with the order topology. Let X = Y x Z, and let f :  X ~ Y be the projection. 
Then X is normal; also X is countably compact, so f is closed. Finally, 
~f-a(co) =f - l (co)  is homeomorphic to Z, and is therefore not compact. 

EXAMPLES 3.2. X is completely regular, Y is compact metric and f :  X --} Y is 
continuous, closed and onto, but some ~f-t(Yo) is not even pseudocompact. (2) 
Moreover, there is no countably compact C c X such that f (C)  = Y. 

Let R be the reals, N the integers, and 29 the closure of N in fiR. Let 

x = ~R - (29-  N) 

A = X - ( R  - iV) .  

(This X seems to go back to Kat~'tov, and is the space described in [4; p.97, 6P]). 
Let Ybe the quotient space X / A ,  and f :  X-+ Ythe quotient map. Let Yo =f(A); 
then ~ f - l ( y o ) = f - l ( y o ) =  A, and A is not pseudocompact since it contains N 
as an open-closed subset. It remains to check that Y is compact metric, which we 
do by showing that it is the one-point compactification of R -  N ( =  X -  A). 
To do that, we must verify that every closed (in X) subset E of R - N is compact. 
Since N and E are disjoint closed subsets of R, their closures N and E in pR are 
also disjoint. This implies that E c X; since E is closed in X, we have E =/~, 
and hence E is compact. 

Suppose, finally thatf(C) = Y, and let us check that C is not countably compact. 
If/V c C, then C is not countably compact since N has no limit point in C. If 
n ¢ C for some n e N, then C is not countably compact either, because a sequence 

(2) A space X is pseudocompact if every real-valued continuous function on it is bounded. 
Countably compact spaces are pseudocompact, and the converse is true in normal spaces. 
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in R -  N converging to A will then have no limit point in C. (Note that 
C D R -  N). That completes the proof. 

EXAMPLE 3.3. X is normal, Y is compact Hausdor.ff, f :  X .o Y is continuous, 
closed and onto, but Y is not the image of any compact subset of X. 

Let X be the set of countable ordinals, with the order topology, and let A be 

the set of limit-ordinals in X. Let Y be the quotient space X / A ,  and f :  X - *  Y 
the quotient map. Then X is normal a n d f i s  closed; i f f (C)  = Yfor some C c X, 
then C c (X - A), so C is dense in X, and hence C cannot be compact (since X 
is not). To show that Y is compact metric, we need only check that it is the one- 
point compactification of  X - A, and for that it suffices to prove that any closed 
(in X) subset S of X - A is compact. But any such S must, in fact, befinite (since 
X is countably compact), and that completes the proof. 

If the continuum hypothesis is assumed, then a recent example of  M.E. Rudin 
[8] implies that "Hausdorff"  can be strengthened to "metr ic"  in Example 3.3: 

EXAMPLE 3.4. (Assume continuum hypothesis). X is normal, Y is compact 
metric, f :  X ~ Y is continuous, closed, and onto, but Y is not the image of any 

compact subset of X. 
In I-8; Example2], M.E. Rudin constructs a normal, countably compact, non- 

compact space X, containing a dense open subset M which is separable metric 
and locally compact. Let A = X - M ,  let Y be the quotient space X / A ,  and let 
f :  X --* Ybe the quotient map. Since every open U D A has a compact complement 
in X, it follows that Yis essentially the one-point compactification of  M, so that Y 
is compact metric. Since X is countably compact, f must be closed. I f f ( C ) =  Y 
for some C = X, then C ~ M, hence C is dense in X, and therefore C cannot be 
compact (since X is not compact). That completes the proof. 
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